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Sammanfattning
Abstract

Model checking is a formal verification method where one tries to prove or disprove properties of a 
formal system. Typical systems one might want to prove properties within are network protocols and 
digital circuits. Typical properties to check for are safety (nothing bad ever happens) and liveness 
(something good eventually happens).

This thesis describes an implementation of a sound and complete model checker for Computation 
Tree Logic (CTL) using Constraint Logic Programming over Finite Domains (CLP(FD)). The 
implementation described uses tabled resolution to remember earlier computations, is parameterised 
by choices of computation strategies and can with slight modification support different constraint 
domains. Soundness under negation is maintained through a restricted form of constructive negation.

The computation process amounts to a fixpoint search, where a fixpoint is reached when no more 
extension operations has any effect. As results show, the choice of strategies does influence the 
efficiency of the computation. Soundness and completeness are of course independent of the choice of 
strategies. Strategies include how to choose the extension operation for the next step and whether to 
perform global or local rule instantiations, resulting in bottom-up or top-down computations 
respectively.
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�#k^�4� ���F06)3��'*�(� ���d",�! <�d'*���FL�� '*�� ;",�3L�9>��"10*��)3�����J",���! <)�0*�J"106��",�3R/�:",9�9�� � ���U5%�����",�c�4h��! @0*� ���T���F0*'*?��! I",L��()3���F0*���n5%� 0*��"ö����5|�(���(ArCE���! +)3�����J",���! <)­�! I���� *�4'*� R/���

� ��op����9�0*�B� � f ���Z0*� �(�B��A ·JA ��A

���&% '(�*)�+,!�#,-.!�#,/0�1���,23�"!�
�#,/
CE���! 70*���� <�! E'*��9/�('<0%�4�(�J <�! @0� 6�,$N0*��'*���G)+",� �I9J",'<0� �A#CE���:.J'� @0E�! 60*���G� �F0*'*����LJ�Z0*�('*?39J",'<0�b
5%���!���n�! 3�4�1-(��'*���T� �n0*���! +���J",9�0*��'+",�J�Q[7�J",9�0*��'^��b75%���!���n�4h�9��!",� �J W0*���BL��J����'*� ?�� ���
�4�(�J�4��9�0� �A�CE���I <���4�(�J�S9J",'<0U���� *�4'*� R/�� G0*���^� )39�� ��)3���F0�"10*� �(�T�,$E0*���^.�h�9/�(� �F0W�����(� ���(b5%����'*��� �B[7�J",9�0*��'6�W���� *�4'*� R/�� ;0*���G�4�()39�L�0�"10*� �(�^)3�������>",�J�O[7�J",9�0*��'6·U���� *�4'*� R/�� 7-1",'<o
� �(LJ E @0*'�"10*���(� �� 7LJ <���^0*�3� ��jJL����J�4�:0*���d�4�()39�L�0�"10*� �(�O9�'*���4�� * �A=CE���G�!"( @0%9J",'<0% <���15M E",��4h�9/��'*� )3���F0�",����-1",� LJ"10*� �(�öP][7�J",9�0*��'�¨(V6",�J�B��'�"�5M E�4�(�J�4� LJ <� �(�J GP][7�J",9�0*��'�©FVZA



×«Ø�ÙlÚxÛOÜ�Ý54

6 ��z|y%ã%~ ã%sâ�­�	ãEz|�

�p�d0*���! D���J",9�0*��'�b�56�;9�'*�� <���F080*���7L��J����'*� ?�� �������4.J��� 0*� �(�J D",�J�G0*�����('*?:LJ <���d� �3[7�J",9�0*��'D��A
CE���! �)3�F @0*� ?�� �J�4� LJ���� :���4.J��� 0*� �(�J M$&'*�()|0*���2.J���!�K�,$E[7�(�J @0*'�",� �F0G\N�(�(�!�d_;'*�(�('�",)3)3� ���P][6\N_6VZA

����� 78
�#,/0�1��)�!�#9�;:<
�-�!�2=�	��
�-
��)9�.�>!�#,-@?A78:<�CB
[7�(�J @0*'�",� �F02\N�(�(�!�3_;'*�(�('�",)3)3� ���Sþ ©1ÿ6",� )+ G0*�H���40*��'*)3� ���+L��J����'25%���!���T�4�(�J @0*'�",� �F0� d"
�(�F",�E� �c"S� �(�(�!�I9�'*�(�('�",)½���(�!�� �Aci|�4�(�J @0*'�",� �F03� �(�(�!�I9�'*�(�('�",)½� ���(�� U� � �(��",��?T� �(�(�!�9�'*�(�('�",)BbF5%� 0*�^0*���G�4h��4��9�0*� �(�+0*�J"10%��"(���^9�'*�(�('�",)�'*L�� �:�J"( E",�I"( * <���4�!"10*���^�4�(�J @0*'�",� �F0�b
 *"�?�� ���
D<CE���! E'*L�� �d�! %",9�9�� �!��",R�� �G� $D0*���! M�4�(�J @0*'�",� �F0E�! M *"10*�! @.J����A E
F ¡FÕ=�D�&���Y�/���0GY�IH@�(�/�D¥����1¤��Y�>�+¢Y�/À/�Y�I³D�1�/ÀJ�1¤�£KJML ÷4æ�ìJú�ðYèZä1ô ì>ðWê&æ�íFôY÷+ù>è4æ�íFèZä1é ÷4æ�ì/ñú<ô!ú�ðçú�æ�å#äUúZï�ð6æ�å7î,ì�ôçø1ï�è�ú�ä1ê ê üMN�îFä1ì>ðYô O>ï�õWù>è4æ�íFèZä1égè�î,ê&ïZúQPY÷*êëä�î(úZïZúSR

A0 ← C | B1, . . . , Bn. (n ≥ 0)

ó#ò>ï�è4ï
A0
ô!úDä1ìUä�ðpæ�é3ôY÷8åçæ�è*éIî,êëäQPçðYò>ï=ò>ï4ä�õTR�U

B1, . . . , Bn

ä1è4ï6û�æ�õ1ü2ê ôçðpï�èZä1ê!ú*P&æ�è=ú�îJû�í�æ,ä1ê!úæ�å8ðYò>ï;è�î,ê&ï�R7ä1ì�õ
C
ô!ú;ä2÷4æ�ìJú�ðYèZä1ô ì>ð�VXWDò>ï;éIï4ä1ì�ô ì�íUæ�åJú�î�÷@ò+ä�è�î,ê&ï#ô!úEðYò/ä�ð

A0
ô!ú=ú�ä�ðYô!ú&O>ï�õ

ó#ò>ï�ì>ï�ø1ï�è
C
ä1ì�õ

B1, . . . , Bn

ä1è4ïMú�ä�ðYô!ú&O>ï�õYV
F ¡FÕ=�D�&���Y�/���0Gë�KH@¢Y�&��¡F�1¤�¢ZJML ê ôçðpï�èZä1ê:ô!ú�äHù=æ1ú*ú<ô]û1ê ü�ì>ï*í�ä�ðpï�õnä�ðpæ�é3ôY÷Oåçæ�è*éIî,êëäAV[WDò>ïðpï�è*é+ú#ù=æ1ú<ôçðYôçø1ïMê ôçðpï�èZä1êNä1ì�õUì>ï*í�ä�ðYôçø1ï%ê ôçðpï�èZä1ê=ó#ô ê ê#û�ï2î(úZï�õBðpædè4ï�åçï�èGðpæ2ì>æ�ì/ñ&ì>ï*í�ä�ðpï�õ3ä1ì�õ
ì>ï*í�ä�ðpï�õ^ä�ðpæ�é3ôY÷%åçæ�è*éIî,êëäFï\V
F ¡FÕ=�D�&���Y�/���0G!¦]H@�(¤�¢Y¢S^=¤��D¥�_W¡F�`JaL ù>è4æ�íFèZä1é�è�î,ê&ïGó#ôçðYòBæ�ì>ïMæ�è7éIæ�è4ï:û�æ�õ1ü^ê ôçðpï�èZä1ê!ú;ô!ú÷Zä1ê ê&ï�õBäB÷Zä1ê ê;æ�èGä+ì>æ�ì/ñ@î,ì�ôçðM÷*êëä�î(úZï\V L ù>è4æ�íFèZä1é è�î,ê&ï3ó#ôçðYòKì>æ�û�æ�õ1üHê ôçðpï�èZä1ê!úMô!ú2÷Zä1ê ê&ï�õä1ì�ä1ìJú�ó;ï�è�æ�è�äIî,ì�ôçð%÷*êëä�î(úZï\V
F ¡FÕ=�D�&���Y�/���0G ¾bHp�1¡��D¤�£X�Y�DÀS¥��8Ï=¥����&���8���Y�/�cJdL è4ï�ì/ä1é3ô ì�íUú�îJû,ú�ðYôçð<î�ðYô&æ�ì

θ
ô!úEä+û1ô e4ï�÷ZñðYôçø1ï�é^ä�ù�ù>ô ì�í

VAR → VAR
æ�ìSðYò>ï:úZï�ð

VAR
æ�å6ø4ä1è*ôëä�û1ê&ïZú�V

�



¾ �G�1¡�¢Y�Y£X�Y�D¤��1�Y¡�¥
F ¡FÕ=�D�&���Y�/�Q�0Gë´KHpÈ�¤��1�Y¤��>�\J WNó;æ�åçæ�è*éIî,êëäFï

F1
ä1ì�õ

F2
ä1è4ïO÷Zä1ê ê&ï�õnø4ä1è*ôëä1ì>ðçúWô åWðYò>ï�è4ï

ï�f�ô!ú�ðçúMäWè4ï�ì/ä1é3ô ì�í^ú�îJû,ú�ðYôçð<î�ðYô&æ�ì
θ
ú�î�÷@òSðYò/ä�ð

F1θ = F2
V

i� <9/���4�!",����"( <�E�,$8[6\N_T�! hg�i�j
Plk�m�R�b,0*�J"107�! hg;æ�ìJú�ðYèZä1ô ì>ðni=æ�íFôY÷cj;è4æ�íFèZä1é3é3ô ì�íWæ(ø1ï�è
ä�kDô ì�ôçðpïXmdæ�é^ä1ô ìNAD�p��g�i�j
Plk�m�R;0*���E <�40=�,$>�4�(�J @0*'�",� �F08-1",'*�!",R�� �� 

VAR
'�",���(�7�1-(��'D <�()3�.J��� 0*�I <�40

VAL
�,$%-1",� L��� �AOig0@?�9��!��",�#.J��� 0*�I <�402�! d0*���I <�40

{true, false}
�,$MÃ6���(� ��",�

-1",� L��� �b�5%���!���O56�(L��!�O9/��'*)3� 0MLJ 60*�3�J"�-(�dÃ6���(� ��",�I�4h�9�'*�� * <� �(�J E"( %�4�(�J @0*'�",� �F0� �ACE���� <�40^�,$G <�(� L�0*� �(�J 
sol(C)

�,$G"ö�4�(�J @0*'�",� �F0
C
",'*�B",� �%-1",'*�!",R�� �O)+",9�9�� ���F 

σ :
VAR → VAL

0*�J"10M'*���J����'E0*���2�4�(�J @0*'�",� �F0
C
0*'*L��(A

CE���W� )39�� ��)3���F0�"10*� �(�K���� *�4'*� R/���B� ��0*���! M0*���� <�! MLJ <�� %0*���WR�� �J",'*?O�����4�! <� �(�K���!",�('�",)9J"(���1",�(�BÃ6LJa:a�?	PY <���Tþ � ÿ%$&�('I",�n�4h�9��!",�J"10*� �(�n�,$dÃ6� �J",'*?Xa����4�! <� �(�Qa��!",�('�",)+ �V2�1-(��'Ã6���(� ��",�X-1",� L��� �b;R�L�0I��",��5%� 0*�c <�()3�B <� )39�� �O)3����� ./��"10*� �(�J 3 <L�9�9/�('<0^",��?X <�40
CON�,$:�4�(�J @0*'�",� �F0� W <L�9�9/�('<0*� ���K0*���BRJ"( <�!�^�(9/��'�"10*� �(�J 

⊕ : CON × CON → CON
b
⊗ :

CON × CON → CON
b
Π : VAR∗ × CON → CON

b
� : CON × CON → CON

b
¬ : CON → CON

",�J�
� : VAR ×VAL→ CON

b� *"10*�! @$&?�� ���U0*���G$&�(� � �15%� ����o
• sol(C1 ⊕ C2) = sol(C1) ∪ sol(C2)

• sol(C1 ⊗ C2) = sol(C1) ∩ sol(C2)

• θ ∈ sol(ΠxC)
� eK0*����'*�d�4h��! @0� 

θ′ ∈ sol(C)
 <LJ���I0*�J"10

∀xi ∈ x : θ(xi) = θ′(xi)

• sol(¬C) = sol(true) p \ sol(C)

• sol(C1 � C2) = sol((C1 ⊗ ¬C2)⊕ (¬C1 ⊗ C2))

• θ ∈ sol(x � v)
� e

θ(x) = v
CE�J"10H�! �b256�T'*���FL�� '*�T���! q�@L��J�Z0*� �(�NbU�4�(�\�@L��J�Z0*� �(�Nb29�'*�T�@���Z0*� �(�Nbd�4�()39�� ��)3���F0�"10*� �(�Nb

 <?�)3)3�40*'*�!�G��� e>��'*���J�4�d",�J�OR�� �J��� ���3�,$=-1",� L��� 60*�+-1",'*�!",R�� �� �AÃ6��� �15�",'*�E <�()3�6�4h�",)39�� �� �ADin-1",� LJ"10*� �(�
{V1 → n1, V2 → n2, V3 → n3}

�! D5%'*� 0<0*���
(n1, n2, n3)

A#ic-1",� L��%�,$
∗
�������,0*�� =0*�J"106",��?2-1",� L��%� �

VAL
�! #9/��'*)3� 0<0*����b� <�

{(1, 2, ∗)}"(�Z0� %"( %"3 <���('<0E$&�('*) $&�('
{(1, 2, X) | X ∈ V AL}

A

VAR = {V1, V2, V3} VAL = {1, 2, 3}
sol((V1 � 1)⊗ ¬(V2 � 2))

= sol(V1 � 1) ∩ sol(¬(V2 � 2))

= {(1, ∗, ∗)} ∩ ({(∗, ∗, ∗)} \ {(∗, 2, ∗)})

= {(1, ∗, ∗)} ∩ {(∗, 1, ∗), (∗, 3, ∗)}

= {(1, 1, ∗), (1, 3, ∗)}

sol(Π{V2,V3}((V1 � 1)⊗ ¬(V2 � 2)))

= {(∗, 1, ∗), (∗, 3, ∗)}�M��� .J��'� d",'*�3�4h�0*���J <� -(��� ?�LJ <���H0*��'*�(L��(���(L�0:0*���+)3�������7���� *�4'*� 9�0*� �(�NA3CE���+L���� .J��'� 
LJ <���B����'*�2",'*�3õ(ô è4ï�÷�ðpï�õ^éIæ1ú�ð#í�ï�ì>ï�èZä1ê;î,ì�ô O>ï�è�ú�bJ�('dõ(éUí/î(ú:$&�(': <���('<0�A%CE���2)3�,0*� -1"10*� �(�
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or(and(S1 = 1, and(S2 = 0, and(S′
1 = 1, S′

2 = 1))),

or(and(S1 = 0, and(S2 = 0, and(S′
1 = 0, S′

2 = 0)))

and(S1 = 0, and(S2 = 1, and(S′
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holds(or(F, G), S) ← holds(F, S).
holds(or(F, G), S) ← holds(G, S).
holds(and(F, G), S) ← holds(F, S), holds(G, S).
holds(not(F ), S) ←∼ holds(F, S).
holds(xor(F1, F2), S) ← holds(F1, S),∼ holds(F2, S).
holds(xor(F1, F2), S) ← holds(F2, S),∼ holds(F1, S).
holds(ex(F ), S) ← step(S1, S2), holds(F, S2).
holds(eg(F ), S) ← holds(not(af(not(F ))), S).
holds(eu(F, G), S) ← holds(G, S).
holds(eu(F, G), S) ← holds(F, S), holds(ex(eu(F, G)), S).
holds(ef(F ), S) ← holds(eu(true, F ), S).
holds(ax(F ), S) ← holds(not(ex(not(F ))), S).
holds(ag(F ), S) ← holds(not(ef(not(F ))), S).
holds(au(F1, F2), S) ←

holds(and(not(eu(not(F2), and(not(F1), not(F2)))), not(eg(not(F2)))), S).
holds(af(F ), S) ← holds(F, S).
holds(af(F ), S) ← holds(ax(af(F )), S).
holds(true, S)
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′
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∨ (¬S1 ∧ S2 ∧ ¬S
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2))

�('�b�� �B�('�",9��O���,0�"10*� �(�

00

1110

01

CE���;�4h�9�'*�� * <� �(�J N",R/�1-(�#�! N5%'*� 0<0*���W"( N"����! q�@L��J�Z0*� �(�d�,$J @0*��9J �$&'*�()�0*���6 @0�"10*�
(S1, S2)0*�W0*���G @0�"10*�

(S′
1, S

′
2)
b�R�L�0M",��?3���FL�� -1",� ���F0%Ã6���(� ��",�^�4�(�J @0*'�",� �F06�4h�9�'*�� * <� �(�^56�(L��!�^",�! <�

���JATCE���B�4�(�J @0*'�",� �F0� W�(�T0*���B @0�"10*�O-1",'*�!",R�� �� d0*��� �! UL��J����'35%���!���n�4�(�J��� 0*� �(�J U"H @0�"10*�0*'�",�J <� 0*� �(�O�! %",� � �156����A



Ñ �G�1¡�¢Y�Y£X�Y�D¤��1�Y¡�¥
Ò ¡�À/¤����Y�/�c�(�/�D�(¡F�1�D¥
CE���ILJ *",�(�+�,$M�����F"10*� �(�T� �Q[6C%\Q'*���FL�� '*�� 2LJ 20*�S"( <�<�FL��� @0*� �(�J 2�,$%0*���^$&�('*)ÒD@ÂQ���!���
-1",'*�!",R�� �G <L�RJ @0*� 0*L�0*� �(�J %���Uì>æ�ð7 *"10*�! @$&?30*���! E$&�('*)WL��!" � EZA=CE���! E'�",�! <�� 6"3�4�(�J�4��'*�^0*�J"10%56��J"�-(��0*�^����",��5%� 0*�NA
ÂQ�J"10M� $=56�G�J"�-(�:0*���d� � � LJ @0*'�"10*� -(�:�4h�",)39�� �d9�'*�(�('�",)g� ��`D� �(L�'*�2��A � �

p(X)←∼ q(X).
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P1 : holds(and(F1, F2), S)← holds(F1, S), holds(F2, S).
P2 : holds(a, [S1, S2])← sat(S1 = 1).
P3 : holds(b, [S1, S2])← sat(S2 = 1).
P4 : query([B1, B2])← holds(and(a, b), [B1, B2]).
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{a, b, and(a, b), and(and(a, and(b, a))), and(and(a, a), and(b, b)), . . . }
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h([V1, V2, V1]). � � f �Gª � � f
h([V1])← b1(V1). � � f �Gª �Gª
h([V1, V2])← b1(X).

�Gª � � f � � f
h1(a, [V1, V2]). � � f � � f � � f
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{P1, . . . , Pn}
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[6",� ��0*L�9�� �� 
$ Ã [ _

query([B1, B2]) (holds(and(a, b), [B1, B2])) true {P1}
holds(and(a, b), [B1, B2]) (holds(a, [B1, B2]), true {P2}

holds(b, [B1, B2]))
holds(and(a, b), [B1, B2]) (holds(b, [B1, B2])) true ⊗ (B1 = 1) {P3}

iM�J <56��'60*L�9�� �� 
$ i

holds(a, [B1, B2]) B1

holds(b, [B1, B2]) B2

holds(and(a, b), [B1, B2]) true ⊗ (B1 = 1)⊗ (B2 = 1)

CE���! W0*���� <�! 3�4�1-(��'� 2�(��� ?ö0*���I0*��)39/�('�",�E� �(�(�!�B[6C%\;b=R�L�0+",��?ö0*��)39/�('�",�6� �(�(�!�^�4h�o9�'*�� * <���X� ��[6\N_�PY`=aGVU)3���40*� ���S0*���B'*���FL�� '*��)3���F0� U�,$G"S�4�('*'*���Z0U� ��9�L�0^9�'*�(�('�",)¹PY <���f ���Z0*� �(�B��A � A � V75%� � �8���JA

���&% îðï����"ï�!���ñò
�ó��"ô,��2Ê
9����� �")��"!�
�#õ�>
�+,�*�
CE���! 6 <���Z0*� �(�I5%� � �>�(� -(�:",�^� ��$&�('*)+",�/�4h�9��!",�J"10*� �(�+0*�W0*���G�4�()39�L�0�"10*� �(�I)3�������çb�� �I�('�����'
0*�3)+",�(�:0*���d�4h�"(�Z0M���4.J��� 0*� �(�B�!"10*��'%�(�O��"( <� ��'60*�+L��J����'� @0�",�J��A
iM� �=�4h�0*���J <� �(�K�(9/��'�"10*� �(�J %�(9/��'�"10*�W�(�H",�Sä�û,ú�ðYèZä�÷�ðMð]ä�û1ê&ï�A:CE���3"(�Z0*LJ",�8� )39�� ��)3����o0�"10*� �(�O)+"�?+LJ <�d"3 <�40%�('%",���,0*����'%��"10�"3 @0*'*LJ�Z0*L�'*�(A#\N���(��L�9O",�J�I� �J <��'<0%�(9/��'�"10*� �(�J E",'*�

LJ <���K$&'*���FL����F0*� ?(bD",�J�S��"(���S���F0*'*?K�! d�(LJ",'�",�F0*������0*�BR/�+L����l�FL���ö^ <�O0*���+� )39�� ��)3���F0�"1o
0*� �(�K���� *�4'*� R/���O� �B0*���! %0*���� <�! MLJ <�� M <��-(��'�",�N <�40� 2P&�(� -�� ���^� �(�F",'*� 0*��)3�!��0*� )3�W�4�()39�� �4h�� 0@?$&�('MR/�,0*��� �J <��'<0*� �(��",�J�B� ���(��L�9/VZAECE���d0*��'*)ýLJ <���I$&�('M0*���! �",RJ @0*'�"(�Z0M��"10�"^ @0*'*LJ�Z0*L�'*�d�! 
 <� )39�?Kð]ä�û1ê&ï�A
CE���B���F0*'*� �� W0*�J"10+9/�(9�L��!"10*�I0*���O0�",R�� �B",'*�B��",� �60*L�9�� �� +",�J��",�J <56��'W0*L�9�� �� �AcCE���",�J <56��'>0*L�9�� �� D�4�()3�;� �G0@56�Ej/"�-(�(L�'� Ã÷�",� 0*��'*�J"10*� -(�� >",�J�+P&L�9�9/��'ZV>R/�(L��J�� Ã÷Q5%���!���W��� e>��'

�(��� ?^� �O0*���d5E"�?30*�J"10%0*����?O",'*�:LJ <����A
ø�ù z�{ysu� tSxX�1|w~�xyt*}S� ��ÉwxytSx���sut*Ë���su� ��z�{yx���sut�È*tSsuú�tS�¸ÇA�1|w� � t�û�tStSvw� zwú
� z�ü ~�suÈ���{y� ~�z«��ýT~�É�{ÊsutSz\��È*� zwúxyÉwýwxu{y� {yÉ�{y� ~�zwx�{y~*xytSv\��sy��{ytc{y|wtSÈ�Æ



�0G!¦�þ3È/¡F��ÈN�Y¡¸_�� Ô ��²D¡��(�/£T³=�8��¤����Y�/�c£X�N�D¡�¢ �/�
CE���U)+",� �S�!����"IR/����� �J�H0*���+�4�()39�L�0�"10*� �(�H)3�������#�! :0*�J"10G0*���3�('�����':� �S5%���!���H0*���

�4h�0*���J <� �(�ö�(9/��'�"10*� �(�J G",'*�+",9�9�� � ���ö������ d���,02)+"10<0*��'�bD"( :$Y",'2"( 2 <�(L��J������ * d",�J�ö�4�()Uo9�� �40*������ * %",'*�G�4�(�J�4��'*������A#Ã6?^LJ <� ���+��� e>��'*���F0M�4�()39�L�0�"10*� �(�B @0*'�"10*���(� �� �b��(���d��",�O� ��jJL�o
���J�4�:��� e>��'*���F0E"( <9/���Z0� ;�,$�0*���:�4�()39�L�0�"10*� �(�NbF5%���!���^5%� � �/� �+0*L�'*�^� ��jJL����J�4�M0*���G",)3�(L��F0�,$='*�� <�(L�'��4�� 7LJ <����A;CE���2 @0*'�"10*���(� �� 65%� � ��R/�2���! *�4LJ * <���I� �H[7�J",9�0*��'%·JA
Ã6�4$&�('*�U",��?B�,$70*���U�4h�0*���J <� �(�H�(9/��'�"10*� �(�J M0�",�(�W9��!"(�4�(b>0*���W0�",R�� �3�������� �0*�B�4�(�F0�",� � <�()3�40*��� ����0*�H�(9/��'�"10*�+�(�NAHCE���! 25%� � �6R/�I�(L�'Q�FL���'*?cPY"K <��)3� o]�('*�(L��J�X[6\N_�9�'*�(�('�",)

�4�!",LJ <�(b%�(A �JA
P4
� ��CD",R�� �ö��A �(VZb%�(� -(���Q",� �(���X5%� 0*�Q0*���H'*�� @0I�,$G0*���T[6\N_�9�'*�(�('�",)BA

�#h�0*���J <� -(�G���4.J��� 0*� �(�J 6�,$�0*���G� ��9�L�0E9�'*�(�('�",)g <?��F0�"1h^",�J�^ <��)+",�F0*�!�� 6",'*���(� -(���^� � f ���Zo0*� �(����A � A
ÂQ�����X���(���I�,$E0*���O9/�F * <� R�� �^�4h�0*���J <� �(�T�(9/��'�"10*� �(�J 256�(L��!�T���J",���(�+0*���^0�",R�� �SP&R�?"(����� ���:����5X���F0*'*� �� 8�('D)3����� $&?�� ���:�4h��! @0*� �����(���� �VN56�7�J"�-(�7'*��"(�������d�(L�'= <�(L��(�F08.�h�9/�(� �F0

",�J�I0*���d",�J <56��'� 70*�30*���d� ��� 0*�!",���FL���'*?I��",�OR/�d�4h�0*'�"(�Z0*���^$&'*�() 0*���G.J�J",��0�",R�� �(A
CE����'*�2",'*�d0*��'*���d0@?�9/�� M�,$#�4h�0*���J <� �(���(9/��'�"10*� �(�J %�(�B0*���20�",R�� �(bJ�J",)3��� ?O'*�� <�(� L�0*� �(�

�(9/��'�"10*� �(�J �b�� �J @0�",�F0*�!"10*� �(�O�(9/��'�"10*� �(�J E",�J�OL�9>��"10*� ���+�(9/��'�"10*� �(�J �A

­�®yÿ�®&¯ �]µ1·¸½����*ºA¼S½X¹ ½3¶
µ�³A»"ºA¼S½X¹h·
CE���:'*�� <�(� L�0*� �(�^�(9/��'�"10*� �(�J 6",'*���#h�0*���J <� �(�BÃ6?+iM�J <56��'%iM� 0*��'*�J"10*� -(�UP&�7ÃEi�i:VE",�J�^�#h�o
0*���J <� �(�BÃ6?�[7� �F <���IÂS�('*�!�Oi� * <L�)39�0*� �(�TP&�7ÃM[7ÂHi:VZA
Å Î ÑIÑ
Ä � -(���X�(���O��",� �;0*L�9�� �

C
",�J�T�(���O",� 0*��'*�J"10*� -(�I",�J <56��'d0*L�9�� �

A
� �X0*���^0�",R�� �(b;"K����5

���F0*'*?+�! 6�4'*��"10*���^R�?3� �F0*��'� <���Z0*� ���20*���d <�40E�,$D",�J <56��'� #$&�('
C
5%� 0*�^0*���d <�40E�,$D",�J <56��'� ;�,$

A
",�J�W'*��)3�1-�� ���M0*���6.J'� @0=R/����?2� � 0*��'�",���,$

C
A=CE���! =����5����F0*'*?d�! D0*�����U� �J <��'<0*���2� �F0*�:0*���0�",R�� �(A=CE���%'*���FL�� '*��)3���F0#�! #�,$��4�(L�'� <�60*�J"10#0*���%����"(�U�,$

A
�! #'*��� ��-1",�F0=$&�('�P&L���� .J�� #5%� 0*�/V

0*���W.J'� @0GR/����?�� � 0*��'�",�D�,$
C
A2CE���W$&�(� � �15%� ���I�! :",�H�4h�",)39�� �W�,$;0*���U�7ÃEi�i��(9/��'�"10*� �(�NACE���%���F0*'*� �� #",R/�1-(�70*���M",'*'*�15X",'*�E9�'*�� <���F0#� �W0*���E0�",R�� �M",�J�20*���%���F0*'*?2R/��� �15X0*���M",'*'*�15

�! d"(��������A
C2[Z→X]

� �H0*���+�4h�",)39�� �U�! :0*���^�4�(�J @0*'�",� �F0
C2
5%� 0*�T",� �=�����4L�'*���J�4�� :�,$

Z'*��9��!"(�4���IR�?
X
A

h(X, Y )← C1 | b1(X), b2(Y ), b3(Z). ∈
0�",R�� �

b1(Z)← C2. ∈
0�",R�� �

⇓
h(X, Y )← C1 ⊗ C2[Z→X] | b2(Y ), b3(Z). ∈

0�",R�� �

CE���;L�9>��"10*�6)3�����J",���! <)gPY���� *�4'*� R/���d� � f ���Z0*� �(�2��A ·JA �(V>�������� N0*�M�����15ö5%���!���2���F0*'*� �� 0*�J"10E56��'*�:"(�������+R�?+�7ÃEi�i��(9/��'�"10*� �(�J 7",�J�^5%���!���I��",� �/0*L�9�� �� 70*�J"10E56��'*�MLJ <����b� <�W56�
�������I0*�+ @0*�('*�:0*���� <�2ä1ìJú�ó;ï�è�ï�f�ðpï�ìJú<ô&æ�ìJú�A
F ¡FÕ=�D�&���Y�/���0GY��´�H@¤��D¥�_W¡F�O¡FÇ���¡��D¥��Y�/�cJdL ì3ä1ìJú�ó;ï�è#ï�f�ðpï�ìJú<ô&æ�ìdô!ú=ädð<î�ù>ê&ï

〈Ei, Ek, σ〉ó#ò>ï�è4ï
Em

ô!ú�ðYò>ï:ï�ì>ðYè@üOæ�û�ð]ä1ô ì>ï�õIðYò�è4æ�î1íFòIä1ì ìXí LhL æ�ì
Ei

U
Ek

ô!úEä1ìBï�ì>ðYè@üIú�ðpæ�è4ï�õ2ô ì
ðYò>ï+ð]ä�û1ê&ï2ä1ì�õ

σ = dmgu(Ek, Em)
ï�f�ô!ú�ðçú�V�éJæ�éIï�ðYô éIïZú

Ek

ô!úGä1ê!úZæI÷Zä1ê ê&ï�õHðYò>ïWä1ìJú�ó;ï�èï�f�ðpï�ìJú<ô&æ�ìKæ�å
Ei

P]û4ü
σ
RwV



��� �G�1¡�¢Y�Y£X�Y�D¤��1�Y¡�¥
iM� �;",�J <56��':�4h�0*���J <� �(�J :",'*�3 @0*�('*���K"( G"^�!",R/��� ���SaMi Ä PYa�� '*���Z0*���Si%�4?��4� �!� Ä '�",9��/V�(�20*���E���F0*'*� �� �b,5%����'*�

σ
�4�(�J @0*� 0*L�0*�� D0*���E�!",R/���çA=CE���! #aMi Ä 5%� � ��R/�%LJ <���2R�?d0*���EL�9>��"10*�)3�����J",���! <)ý���� *�4'*� R/���O� � f ���Z0*� �(�K��A ·JA ��A6`D� �(L�'*�W��A �3 <���15M %���15	9J",'<0M�,$; <LJ����"+aMi Ä�4�(L��!�I� ���(�^� � �(�(A

{}
a(X) b(X), d(X).

c(Y), d(Y).a(Y)

d(X).a(X)

E 1

E 2

E3

{Y X}

Ó3Ô ÕAÖ�× ���A� �A���	��
dÐl£�§�©��¸¥�¨�Ï¸ª�
�¥�§1¥�ÜT©S¥�Ï¸ªÃÎ £�Ï¸ª
{〈E1, E3, {}〉, 〈E2, E3, {Y → X}〉} � £��`©&¨�Î Ï¸¥��Ð §S£�Ý	©�
�£
ã����	�K£�¤¦¥�§&¨�©SÎ £�Ï¸ª����¸§SªZ©XÛ¸ªÃÎ Ï¸Þ

E1

¨�Ï���©��¸¥�ÏQÛ¸ªÃÎ Ï¸Þ
E2 �

Å Î Ë�� Ñ

K",��?O� �(�(�!�d9�'*�(�('�",)3)3� ���^ <?� @0*��)+ M�(9/��'�"10*�WL��J����'M0*���3�4� �F <���B56�('*�!��"( * <L�)39�0*� �(�Nb/� �
5%���!���X�!"(���S�,$M��-��!�����J�4�I�,$�"K9�'*�(9/��'<0@?S�! 20�",�(����"( 2��-��!�����J�4�^0*�K0*���B�4�(�F0*'�",'*?(AHCE����4� �F <���+56�('*�!�+"( * <L�)39�0*� �(�^)+"(���:� �^�(L�'6� )39�� ��)3���F0�"10*� �(�I�! ;0*�J"10E� $D"WR/����?3� � 0*��'�",�

L
�,$

"O��",� �D0*L�9�� �3� �K0*���U0�",R�� �3������ G���,0GL���� $&?K5%� 0*�H0*���3����"(�K�,$6",��?K�4�!",LJ <�W� �H0*���3� ��9�L�0
9�'*�(�('�",)BbF56�G� ��$&��'%0*�J"10%0*����'*�G�! %���35E"�?30*�^ <�(� -(�

L
A

�]$
L
�! :"+9/�F <� 0*� -(�2� � 0*��'�",�çb�0*����'*�2�4h��! @0� M���O <�(� L�0*� �(�B0*�+0*���W5%���(� �2R/����?(b> <� �J�4�W",��? <�(� L�0*� �(�O)WLJ @0M *"10*�! @$&?O",� ��R/����?I� � 0*��'�",�! �A

Ã6L�0W� $
L
�! W"B�����F"10*� -(�3� � 0*��'�",�;56�+�J"�-(�U0*���I��"( <�30*�J"1020*���^�����F"10*� �(�S�,$%5%�J"10256�

5E",�F0E0*�39�'*�1-(�:�! 6$Y",�! <�(A;CE�����B56�d <� )39�� ?^'*��)3�1-(�
L
",�J�B�4�(�F0*� ��L��(A

­�®yÿ�®y­ �¸¹h·`º¦»c¹XºA¼S»"ºA¼S½X¹;½3¶
µ�³A»"ºA¼S½X¹h·
�p�J @0�",�F0*�!"10*� ���W�(9/��'�"10*� �(�J 6�4'*��"10*������5����F0*'*� �� ;0*�U9�L�0%� �I0*����0�",R�� �(A;CE���:�(��� ?+� �J @0�",�F0*� o
"10*� �(�O�(9/��'�"10*� �(�I�! %�#h�0*���J <� �(�BÃ6?�[6",� �;P&�7ÃM[EVZA
Å Î Ë
Ä � -(���3�(���%��",� ��0*L�9�� �%� �30*���E0�",R�� �M",�J�3"G�4�!",LJ <�E$&'*�()l0*���M� ��9�L�079�'*�(�('�",)Bb,":����5n���F0*'*?�! 6�4'*��"10*���+R�?3L���� $&?�� ���W0*���:����"(�^�,$8"U�4�(9�?U�,$N0*���:9�'*�(�('�",)g�4�!",LJ <��",�J�+0*����.J'� @06R/����?
� � 0*��'�",���,$80*���2��",� �>0*L�9�� �(A7iM�B�4h�",)39�� �G�,$80*���d�7ÃM[Q�(9/��'�"10*� �(�O�! % <���15%�OR/��� �15dA

a(X1)← C1 | h(X1, X2), b3(X2). ∈
0�",R�� �

h(Z, X1)← C2 | b1(Z, X1), b2(X1). ∈
� ��9�L�0M9�'*�(�('�",)

⇓
h(X1, X2)← C1 ⊗ C2[Z→X1,X1→X2] | b1(X1, X2), b2(X2). ∈

0�",R�� �



�0G!¦�þ3È/¡F��ÈN�Y¡¸_�� Ô ��²D¡��(�/£T³=�8��¤����Y�/�c£X�N�D¡�¢ ��¦
CE���M)3��",��� ���d�,$>0*���! ;�(9/��'�"10*� �(�3�! #0*�2)+",�(�M <L�'*�M"2 <L�R��(�F",�8Pë0*���%.J'� @07R/����?U� � 0*��'�",�ëV

�,$D0*���2�����F <���B��",� ��0*L�9�� �d�! M <�(� -(���I��-(���F0*LJ",� � ?(A#ÂQ�����O0*���! � <L�R��(�F",�>�! M"(�Z0*LJ",� � ?I <�(� -(�������9/���J�� %�(�I0*���2�����(�!�4�G�,$# @0*'�"10*���(� �� GPY <���W[7�J",9�0*��'%·�VZA
­�®yÿ�®yÿ  b¶�!�»"ºA¼&¹#"C½3¶
µ�³A»"ºA¼S½X¹h·
�M9>��"10*� �����(9/��'�"10*� �(�J 8�������,0="(�Z0*LJ",� � ?:�4h�0*���J�G0*���;0�",R�� �(b1R�L�0D9�'*�(9J",�F"10*�#� 0D0*�15E",'��� >0*���.�h�9/�(� �F0�A;CE���d�(��� ?^L�9>��"10*� ���+�(9/��'�"10*� �(�I�! E�#h�0*���J <� �(��Ã6?IiM�J <56��'MÃ6�(L��J�SP&�7ÃEi�Ã%VZA
Å Î Ñ Î
CE��'*�(L��(�20*���E�4�(L�'� <�6�,$/�4�()39�L�0�"10*� �(�Nb156�6)3� �(�F0#���J�WL�9W5%� 0*�UR/�(L��J��� ���d",�J <56��'80*L�9�� �� 
� �B�(L�'E0�",R�� �(A#irR/�(L��J��� ���^",�J <56��'60*L�9�� �d5%� 0*��"U����"(�

H
 @0�"10*�� 60*�J"10%0*���2",�J <56��'� 7$&�('

H
)WLJ @0GR/�W5%� 0*��� �K0*���F <�U <9/���4� .J����R�?O0*���UR/�(L��J��AGCE���2.J�J",�= <�40G�,$7",�J <56��'� %5%� � �=R/�

(B1⊗· · ·⊗Bn)⊗(A1⊕· · ·⊕Am)
5%����'*�

{〈H, A1〉, . . . , 〈H, Am〉}
",'*�60*���M",� 0*��'*�J"10*� -(�

",�J <56��':0*L�9�� �� G$&�('
H
",�J�
{〈H, B1〉, . . . , 〈H, Bn〉}

",'*�U0*���+R/�(L��J��� ����",�J <56��'G0*L�9�� �� 
$&�('

H
AC8�d)+",�(�M <L�'*�E0*�J"10#0*���! ;9�'*�(9/��'<0@?W���(�!�� #��-(���U$&�(';���F0*'*� �� #9�'*��-�� �(LJ <� ?29�'*���4�� * <����b(",�

L�9>��"10*��)3�����J",���! <)��! ;LJ <���+�(�30*���M0�",R�� �(A#CE���ML�9>��"10*��)3�����J",���! <)�5%� � �/R/�:�4�1-(��'*���U� �0*���2���40�",� � ���B�4�()39�L�0�"10*� �(�O)3�������8���� *�4'*� 9�0*� �(�I� �O0*���d���4h�0����J",9�0*��'�A



��¾ �G�1¡�¢Y�Y£X�Y�D¤��1�Y¡�¥



×«Ø�ÙlÚxÛOÜ�Ý%$

&(' z 
 u�~ )�á ���m��ãEu�s ~ ut{vz|y

CE���G�4�()39�L�0�"10*� �(�I)3�������N���� *�4'*� R/���+� �I0*���! E���J",9�0*��'E�! E",�I� )39�� ��)3���F0�"10*� �(�I�,$N0*���d",R�o
 @0*'�"(�Z02�4�()39�L�0�"10*� �(�ö)3�������7���� *�4'*� R/���S� �cþ ¶ ÿE",�J�H�(L�0*� � �����ö� �S0*���+9�'*��-�� �(LJ d���J",9�0*��'�Ai�$&��5Á���J",���(�� M�J"�-(�2R/�����H)+"(���20*�B�F",��L��J���1-��!�� M",�J�H�M� �! * <�(���  :",RJ @0*'�"(�Z0*� �(�Nb/R�L�0d"( 
����)3�(�J @0*'�"10*���X�!"10*��'�b7 <�(L��J������ * 3",�J���4�()39�� �40*������ * 3",'*�B @0*� � �M"(����� ��-(����AXCE���B� )39�� �4o)3���F0�"10*� �(�K�4�(�J <�! @0� M�,$; <��-(��'�",�8�4�()39/�(�����F0� WPY`D� �(L�'*�W��A � VE5%���!����5%� � �DR/�W�4h�9��!",� �����B� ����40�",� �N� �O0*���! %���J",9�0*��'�A

Scanner Parser
Fixpoint
engine

Input
program Output

Ó3Ô ÕAÖ�× �*�A�����3 "£�Ý
¤¦£�Ï¸¥�Ï\©Sªc£�Ð0©��¸¥�Î Ý
¤¸Ú ¥�Ý
¥�Ï\©&¨�©SÎ £�Ï

% ��� +n#Ø��� �;/����*2Ê!�,�2Ê)��"!�
�#
CE���G� ��9�L�0E0*�W0*���G9�'*�(�('�",)g�4�(�J <�! @0� 7�,$80@56�W9J",'<0� �A#`D� '� @0*� ?(b�"U�4�(��.J�(L�'�"10*� �(�+.J� �G <9/���4� o$&?�� ���d"10#� ��"( @0#5%���!���3 @0*'�"10*���(� �� N0*�GLJ <�dPY <����[7�J",9�0*��'=·�VD",�J�W5%���!���U�(L�0*9�L�0#0*�:9�'*����LJ�4�(A
CE���U <���4�(�J�B0@?�9/�W�,$;� ��9�L�0G�! %0*���3�4�()39�� �40*�+[6\N_�9�'*�(�('�",)ý",�J�B0*���Q�FL���'*?O$&�('�5%���!���0*�^ <�����I",� �>0*���2",�J <56��'� �A
ÿ�®&¯c®&¯ °<±�²´¶h³A½-"3³A»/.
CE���U <?��F0�"1hB�,$#0*���+[6\N_�9�'*�(�('�",) )3� )3�!�� M0*�J"10:�,$#0*���W� �(�(�!�d9�'*�(�('�",)3)3� ���+�!",���(LJ",�(�
_;'*�(� �(�^þ ��¬ ÿ]b�5%� 0*�O <�()3��'*�� @0*'*�!�Z0*� �(�J �A=i	ÃE��`H$&�('60*���:�('�",)3)+",';LJ <���I��",�^R/��$&�(L��J�^� �iM9�9/���J��� hHi2AGCE���W�!"( @0G�4�!",LJ <�W�,$#0*���W� ��9�L�0G9�'*�(�('�",)Bb/"( : <���15%��� ��0*���3ÃE��`6b>�! M0*����FL���'*?+0*�3R/�2",�J <56��'*����A
f �()3�%"(����� 0*� �(�J",��'*���FL�� '*��)3���F0� D�(�W0*���%� ��9�L�0;9�'*�(�('�",)l",'*�E'*���FL�� '*���d$&�('=0*���%L���� .J��'",�J�O���F0*'*?+)3��'*�(� ����PY <��� f ���Z0*� �(����A ·JA � V#0*�+56�('*�>A

� ¨



��Ê °2²D¡K�(�/£T³=�8��¤����Y�/�c£X�N�D¡�¢
¢Y�Y�D¡�¤��1�&��Ð iM� �=� � 0*��'�",�! �)WLJ @0GR/�U� � ����",'�AGCE���! :�! �R/����",LJ <�20*���U)3��'*�(� ���I�,$#0@56�I���F0*'*� �� PY <��� f ���Z0*� �(�B��A ·JA � V#9�'*�� <L�9�9/�F <�� ;0*�J"10E0*����'*�:�! E",� 5E"�?� 6"W'*���J",)3� ���U <L�RJ @0*� 0*L�0*� �(�L���� $&?�� ���30*���2 @0*�('*���I���F0*'*?I",�J�^0*���d�(���d"(��������A p
³D�1¡�¥�¡F��È/¡��c��Ð�³7¡��Q¤��1�&��Ð �]$30@56�n$&L��J�Z0*�('� K�('�9�'*�����!��"10*�X <?�)WR/�(�! �� �r0*���X9�'*�(�('�",) <�J",'*�M0*���d *",)3�:�J",)3�(bF0*����?^",�! <�3 <�J",'*�M0*���G *",)3�G",'*� 0@?+",�J�+0@?�9/�G�,$N0*����� '%",'*�(L�o

)3���F0� �A À
¥�¡�£X��æ�ÀJ�1�/�D�D�10��D¡F��Ð CE���2����"(�O�,$D0*���9�FL���'*?O�4�!",LJ <�G)WLJ @0�R/�W <��)3� o]�('*�(L��J�O",�J�B",� �� 0� %R/����?I� � 0*��'�",�! E)WLJ @0%R/�d� �� <��)3� o]�('*�(L��J�I��",���(���!��",�/$&�('*)BA
�Y�D¥���¤��D�(¡�¥�¡�£X��æ�ÀJ�1�/�D�D�D�D¡�¥�¥ iM� �6� �J @0�",�J�4�� d�,$%9�'*�(�('�",) �4�!",LJ <�� d)WLJ @0WR/�I� �X <��)3� o�('*�(L��J�K$&�('*)BA^CE���! d� )39�� � �� G0*�J"10W",� �;-1",'*�!",R�� �� :�,$%"B9�'*�(�('�",)|'*L�� �30*�J"102�! d���,0

)3���F0*� �(�����O� �O0*���d����"(�O",'*�G @0�"10*�d-1",'*�!",R�� �� GP&� �� @0�"10*�G-(���Z0*�('� �VZA
È�¤��1�Y¤�Ï=¢Y¡��1¡F³D�1¡�¥�¡��>��¤����Y�/� CE���W����"(�B�,$7"I�4�!",LJ <�IP&� �J�4� LJ��� ���^0*���Q�FL���'*?�VE)WLJ @0G�4�(��o0�",� �K",� �D @0�"10*�2-1",'*�!",R�� �� E0*�J"10:",'*�G0*�^R/�W� �J�4� LJ�����B� �B0*���U",�J <56��'E0*�+0*���W����"(�B�,$

0*�J"10��4�!",LJ <�(A#CE���! %�! ER/����",LJ <�G-1",'*�!",R�� �� 6)3���F0*� �(�����O� �I0*���dR/����?IR�L�0M���,0%� �O0*�������"(�B"(�Z0M"( E�4h��! @0*���F0*�!",� � ?Ø�FLJ",�F0*� .J���I� �O0*���dR/����?(A
CE���MúZï�é3ôëñëíFè4æ�î,ì�õ�N�î�ï�è@ü�'*���FL�� '*��)3���F0#",�J�20*���%ô ìJú�ð]ä1ì�÷4ï;úZï�é3ôëñëíFè4æ�î,ì�õ(ì>ïZú*ú;'*���FL�� '*�4o

)3���F0;0*�(�(�40*����';���J <L�'*�E0*�J"10E",� �/"(�������U���F0*'*� �� ;5%� � �JR/�M� �I <��)3� o]�('*�(L��J�U��",���(���!��",��$&�('*)BA
ËW�/�D¥����1¤��Y�>�+¡FÇ�³D�1¡�¥�¥��Y�/�D¥
i�$&����",�#9/�(� �F02�,$E�4�(�J @0*'�",� �F0G� �(�(�!�U9�'*�(�('�",)3)3� ���I�! G0*���^�4�(�J @0*'�",� �F0� �0*����)+ <��� -(�� �A+C8��4h�9�'*�� * 2"K�4�(�J @0*'�",� �F0U"( * <���4�!"10*���S5%� 0*��"K�4�!",LJ <�(b="

sat/1
o]� � 0*��'�",�#�! 29�L�03� �ö0*���IR/����?

PY <����iM9�9/���J��� hIi:VZA#CE���� <���4�(�J @0*'�",� �F0;� � 0*��'�",�! 7���2���,0E�4�(L��F06"( ;�('���� �J",'*?WR/����?U� � 0*��'�",�! ",�J�O",'*�:0*��LJ E���,0M'*�4$&��'*'*���+0*�^"( % <LJ���O� �O0*���G$&L�0*L�'*�(A
Ã6��� �15r�! :",���4h�",)39�� �2�,$7"^'*L�� �25%� 0*��0*���U"( * <���4�!"10*�����4�(�J @0*'�",� �F0ÊD

S1
�! ����,0G *"10*�! @o

.J���¸EZA7�7",'*� � ��'%�4h�",)39�� �� %�,$#ú�ä�ð;� �S[7�J",9�0*��':�ULJ <���I0*���2���,0�"10*� �(�
S1 = 0

bJR�L�0M5%�J"10��! 5%'*� 0<0*���WR/��� �15X�! D���15X� 0;"(�Z0*LJ",� � ?G� ���(�� 8� � �(�6� �W0*���6� ��9�L�0#9�'*�(�('�",)Bb1 <� �J�4�6�(��� ?2Ã6���(� ��",�
�4�(�J @0*'�",� �F0� E",'*�G <L�9�9/�('<0*����A
243658749�:�;6<=3>;	?A@�BDCE?FB�GIHKJML�NA98O8P-:�Q438P-:RBDC8J�J�?S243658749�:T9VU�W�;6<=3>;	?X@�BDCE?FB�GIHKJ�Y

% ��� ��ô,��/12Ê)�#,#,���
CE���W *��",������'M'*��"(�� E0*���29�'*�(�('�",) 0*�4h�0�b>�4�(�J <�! @0*� ���+�,$=0*���W @0*��9�'*���!"10*� �(�Nb�0*���W <��)+",�F0*� o��",� � ?��4�()39�� �40*�W$&'�",�()3���F0:�,$%[6C%\n",�J��0*�����FL���'*?O0*�OR/�U��-1",� LJ"10*����Ad�]0G0*�����H�(L�0*9�L�0� 
 <��)+",�F0*�!��",� � ?+)+",'*�(���I <?�)WR/�(�! 6$&�('E0*���d9J",'� <��'60*�+LJ <�G� �O0*���d���4h�0� @0*��9NA
CE���2 *��",������'E�(������'�"10*�('%`D� �4hHþ �(� ÿ85E"( ELJ <���^0*�^�4'*��"10*��0*���2 *��",������'�A
r�Z |w� x¦� È*vT~�xytSxA�1xy� � ú�|�{AsutSxu{ysu� }Ã{y� ~�z�~�zX{y|wt0vwsu~�ú�sy��È�Ç�xy� zw}St0� {A� x¦zw~�{�vT~�xyxy� ýw� tY{y~�t\[�vwsutSxyxY�1vwsutS�w� }&��{yt{y|\��{Y{Z��û�tSxn{��0~3t�]�É\���T��suú�ÉwÈ*tSz�{yx�^ t�Æ úwÆ p(X, X) _ZÆ=`l{0� x�xu{y� � �wvT~�xyxy� ýw� t0�1� {y|*xu{Z��{yt1� � xu{n��suú�ÉwÈ*tSz�{yx&Ç�xy� zw}St� {�� x�vT~�xyxy� ýw� t�{y~�t�]�É\��{ytc{��0~�xu{Z��{ytcË���su� ��ýw� tSx"ý��hÉwxy� zwú sat a�}S� ��ÉwxytSx&ÆÁbZ |�Éwx�{y|wtSsut"}&��z*ýTt�zw~3}&��xyt��1|wtSsut"�"ü Éwzw}Ã{y~�sY{Z��û�tSx0��xu{Z��{yt"� � xu{Y��xn� {yxA�\suxu{0��suú�ÉwÈ*tSz�{���zw�*��zw~�{y|wtSs}&��xyt��1|wtSsut3� {0{Z��û�tSx��X}S~�zwxu{Z��z�{c��x�� {yx0�\suxu{���suú�ÉwÈ*tSz�{&Æ Z |wt�vwsu~�ú�sy��Èb|\��x0{y~�ýTtc}S~�zwxu{ysuÉw}Ã{ytS��� zhxyÉw}Z|�h���S��{y|\��{X{y|w� x3zwtÃË�tSsÊ~�}S}SÉwsux&Ædcn��su� ��ýw� tSxX�w~�zw~�{Ê}S~�Éwz�{���xÊ�h{���vTt*� z9{y|w� x3sutSú���su�¸ÇYxy� zw}St�{y|wtÃ�Q}&��zsutSvwsutSxytSz�{c��z���{���vTt�Æ



¦�G!¦S°2²D¡�³=¤��1¥�¡F� ��Ö
% �&% ��ô,�=��)
��/1���
CE���79J",'� <��'�'*��"(�� >0*���6 <?�)WR/�(�! N�(� -(���GR�?�0*���6 *��",������'8",�J�G9�'*����LJ�4�� 8",�2",RJ @0*'�"(�Z08 <?��F0�"1h
0*'*���M"(���4�('���� ����0*�W",�+\8�2P � VD�('�",)3)+",'%PY <���MiM9�9/���J��� h+i:VZA=�p�30*���! #9�'*���4�� * �b(�4�(�J @0*'�",� �F0�4h�9�'*�� * <� �(�J d",'*�3� �F0*��'*9�'*�40*���cPY <�K� 0W�! d�(��� ?S���(���^�(�J�4��VZAOi%$ë0*��'W9J",'� <� ���B�! W���(���(b80*���
.�h�9/�(� �F0� <��",'����IR/���(� �J �A
CE���G9J",'� <��'E�(������'�"10*�('%Ã6�! <�(�Hþ �1ÿ85E"( 6LJ <���I0*�+�4'*��"10*�:0*���d9J",'� <��'�A

% ��e ��ô,�f,hg���
�!�#9�;�*#,-�!�#,�
ª��J�4�M0*���:9�'*�(�('�",)�",�J�30*���G <L�9�9�� � ���Ø�FL���'*?U�J"( 7R/�����^$&L�� � ?+9J",'� <����b,0*���G"(�Z0*LJ",�/)3�������
����������� ���B��",�HR/���(� �NAUÃ6?�'*��9/��"10*����� ?K",9�9�� ?�� ���O�(���3�,$6 <��-(��'�",�D�4h�0*���J <� �(�H�(9/��'�"10*� �(�J �b5%���!���c)3����� $&?X0*���B0�",R�� �(bEL��F0*� �M���ö)3�('*�B'*L�� �� +��",�cR/�K",9�9�� � ����bE"S.�h�9/�(� �F0^5%� � �MR/�
'*��"(��������A
CE����.�h�9/�(� �F0%�����(� ���d",�J�I",L�h�� � �!",'*?3)3����L�� �� E56��'*�:���F0*� '*��� ?+� )39�� ��)3���F0*���I� �K[jiki

LJ <� ���U0*��� f 0�",�J��",'��O\N� R�'�",'*?(AEþ � ��ÿ
ÿ�®ml�®&¯ nÊº¦³4�doYº=��³Aµ1·
CE���S0�",R�� ��öS�! �"�0*L�9�� �

〈AnsA,ObAnsA,AnsB ,ObAnsB ,Calls ,ObCalls ,Links〉
�,$

���! q�@�(� �F0� <�40� E5%����'*�
AnsA

�! #0*���� <�406�,$N",� 0*��'*�J"10*� -(�M",�J <56��'=0*L�9�� �� 6����'*� -(���UR�L�06���,07?(�407LJ <���+� �^",�+�7ÃEi�i
�(9/��'�"10*� �(�NA

ObAnsA
�! �0*���7 <�408�,$�",� 0*��'*�J"10*� -(�;",�J <56��'>0*L�9�� �� 8",� '*��"(��?MLJ <���:� �2",�d�7ÃEi�iT�(9/��'�"10*� �(�NA

AnsB
�! 60*���2 <�40M�,$DR/�(L��J��� ���^",�J <56��'60*L�9�� �� 60*�J"10M�J"�-(�G���,0%?(�40%� ��jJL����J�4���B",��?^LJ <���
",�J <56��'M",� 0*��'*�J"10*� -(�� E� �

ObAnsA
AE�7ÃEi�Ã��(9/��'�"10*� �(�J E'*��)3�1-(�G���F0*'*� �� E$&'*�() 0*���!  <�40�A

ObAnsB
�! :0*���^ <�40d�,$6R/�(L��J��� ���K",�J <56��'�0*L�9�� �� G0*�J"102�J"�-(�U� ��jJL����J�4���ö",� �#)+"10������ ���

",�J <56��'%",� 0*��'*�J"10*� -(�� 6� �
ObAnsA

A
Calls

�! 60*���2 <�40M�,$=��",� ��0*L�9�� �� 60*�J"10� @0*� � �N�J"�-(�d"U9/�F * <� R�� � � 0@?+$&�('%�7ÃM[Q�('E�7ÃM[7ÂHi2A
ObCalls

�! +0*���H <�40I�,$2��",� �%0*L�9�� �� ^5%����'*�K����� 0*����'I�7ÃM[����('^�7ÃM[7ÂHi ",'*��9/�F * <� R�� �
",��?�)3�('*�(A

Links
�! 20*���O <�40U�,$�",�J <56��'2�4h�0*���J <� �(�J IP&)+"�?öR/�I9/��'��4��� -(���T"( W"HaMi Ä V2�4'*��"10*���öR�?�7ÃEi�ir�(9/��'�"10*� �(�J �A

iM�! <�O� �J�4� LJ�����S� �H0*���^�4�()39�L�0�"10*� �(�S�! :0*���39�'*�(�('�",)
Prog

b85%���!���S�! d"B @0�"10*�!�U� �! @0�4�(�F0�",� ��� ���+",� �>0*���2�4�!",LJ <�� 6�4h��4��9�0%0*�����FL���'*?+$&'*�() 0*���d� ��9�L�0�A
Ã6�4$&�('*�M�4�()39�L�0�"10*� �(�+ @0�",'<0� �b

Calls
�4�(�J <�! @0� #�,$>0*���h�FL���'*?3",�J�U0*���M'*�� @07�,$>0*���%0�",R�� ��! %��)39�0@?(A

øRp � xy}SÉwxyxytS��� z�Ä�tS}Ã{y� ~�z
Å�Æ q�Æ



�¦Ñ °2²D¡K�(�/£T³=�8��¤����Y�/�c£X�N�D¡�¢
Ñ �D�D�Y�DÀS���ö��²D¡���¤�Ï=¢Y¡
�p�S0*���+$&�(� � �15%� ���� <���Z0*� �(�J �b856�+5%� � �;LJ <�30*���^�4h�9�'*�� * <� �(�dD@9�L�0

〈E, C〉
� �F0*�B0*���+0�",R�� ��EZb

5%����'*�
E
�! 2"��4�!",LJ <�

H ← B1, B2, . . . , Bn (n ≥ 0)
",�J�

C
�! G0*���I�4�(�J @0*'�",� �F0:0*��R/�

"( * <���4�!"10*���^5%� 0*�B0*�J"10��4�!",LJ <�(A;CE���! M�4�(��-(����� ���F0%���,0�"10*� �(���4�1-(��'� 7R/�,0*�K��",� �>0*L�9�� �� �",�J�",�J <56��'E0*L�9�� �� �AECE���W�4�(�J @0*'�",� �F0
C
�! %9�'*�T�@���Z0*���O�(�F0*�30*���W @0�"10*�d-1",'*�!",R�� �� %�����4L�'*� ���3� �

E
R/�4$&�('*�dR/��� ���+"(��������A
CE���! ������� M���,0������4�� * *",'*� � ?^)3��",�O0*�J"10G",�B���F0*'*?O�! M"(�������O0*�+0*���d0�",R�� �(b/"( 

〈E, C〉�4�(L��!�S� �J @0*��"(�S)3��'*�(�35%� 0*�X",�ö�4h��! @0*� �������F0*'*?
〈E′, C ′〉

AOi 9�'*��'*���FL��! <� 0*�U$&�('2)3��'*�(� ���
0*����)m�! W0*�J"10

E
",�J�

E′ ",'*�I-1",'*�!",�F0� �ATCE���B"(�Z0*LJ",�6)3��'*�(� ���S",)3�(L��F0� 20*�ö���J",���(� ���0*���U�4h��! @0*� ���O�4�(�J @0*'�",� �F0
C ′ � �F0*� C ′ ⊕ Cθ

b�5%����'*�
θ = dmgu(E, E′)

b�",�J�H���! *��",'���� ���
〈E, C〉

A
Ñ �D�D�Y�DÀH¤��c¤��D¥�_W¡F�3���8³=¢Y¡ �]$

n = 0
bF0*�����

E
�! E",�HPY",� 0*��'*�J"10*� -(��V;",�J <56��'70*L�9�� �(A=�p�

0*���! ���"( <�(bJ56�2���������I� $#0*����'*�2�4h��! @0� M"+'*���J",)3� ���^ <L�RJ @0*� 0*L�0*� �(�
λ
",�J��",�K",�J <56��'E0*L�9�� �

〈Hλ, AH〉 ∈ AnsA
A^�]$%� 0W�4h��! @0� �b

AH

�! d'*��9��!"(�4���SR�?
AH ⊕ Cλ

A�ªM0*����'*5%�! <�(bD"B����5",�J <56��'60*L�9�� �
〈H, C〉

�! %� �J <��'<0*���I� �F0*�
AnsA

A
Ñ �D�D�Y�DÀH¤K�(¤�¢Y¢;���8³=¢Y¡ �]$

n > 0
b�56�:",'*�:����",� � ���W5%� 0*�O"U��",� �J0*L�9�� �(A#�p�^0*���! E��"( <�(bF56�

.J'� @0M���������
Calls

$&�('M"3��",� �>0*L�9�� �
〈H ′, (B′

1, B
′
2, . . . , B

′
n), C ′, P ′〉

A#�]$# <LJ���B"3��",� �>0*L�9�� ��4h��! @0� �b�",�J�
θ = dmgu((H ′ ← B′

1, B
′
2, . . . , B

′
n), E)

�4h��! @0� �b�0*�����
C ′ �! N'*��9��!"(�4���:R�? C ′⊕

Cθ
A;�]$D0*����'*�G�4h��! @0� E���^ <LJ���B��",� �>0*L�9�� �(b/"U����5r��",� �>0*L�9�� �

〈H, (B1, B2, . . . , Bn), C, P 〉�! %� �J <��'<0*���O� �F0*�
Calls

b�5%����'*�
P
�! M"+ <�40��4�(�F0�",� ��� ���U0*���29�'*�(�('�",)��4�!",LJ <�� 6$&'*�()

Prog5%���F <�G����"(�� EL���� .J�� E5%� 0*�
H
A

ÂQ�����3"(����� ���:":��",� �çb156�E",�! <�M�������20*��� �J @0�",�F0*� ?2",9�9�� ?2",�U",�J <56��'8�4h�0*���J <� �(�WR�?d",��?
9�'*��-�� �(LJ <� ?:LJ <���2",�J <56��'� �$&�('N0*���7.J'� @0DR/����?d� � 0*��'�",�

B
0*��� 0�A=CE���! 8�! D�����4�� * *",'*?: <� �J�4�;0*���

",�J <56��'� M",� '*��"(��?ILJ <���B5%� � �D���,0�'*�������4L�':",�J�B56�2�������B0*�^� �J�4�('*9/�('�"10*�G0*����)x",�! <�^� �F0*��(L�'�"(�����������F0*'*?(AMCE���U",�J <56��'%0*�^LJ <�IP
σa, σb

L���� .J��'� �VE� ��0*���W�4h�0*���J <� �(���! 
Ca ⊗ Cb

b
5%����'*�

Ca

�! �0*���6",�J <56��'D",� 0*��'*�J"10*� -(�MP
Aaσ−1

a

� $
〈Bσa, Aa〉 ∈ ObAnsA

b��,0*����'*5%�! <�MðYè�î�ï,V
",�J�

Cb

�! �0*���+",�J <56��':R/�(L��J�nP
Abσ

−1
b

� $
〈Bσb, Ab〉 ∈ ObAnsB

bN�,0*����'*5%�! <�IðYè�î�ï,VZAW�]$���3��",'*� � ��'%",�J <56��'dPY",� 0*��'*�J"10*� -(�G�('ER/�(L��J�JV6$&�('
B
�4h��! @0*����b����,0*��� ���3�! M���(���(A

ÿ�®ml�®y­  b¶�!�»"º¦µr.Cµ�o4s�»c¹h¼&·�.
ÂQ�����356�('*��� ����5%� 0*�+"�0�",R�� �E� �35%���!���3 <�()3�E���F0*'*� �� =����9/���J�U�(�U�,0*����'� �b,)3����� $&?�� ���G�(������F0*'*?O)3� �(�F0:'*���FL�� '*�2)3����� $&?�� ���I�,0*����'� �A��p��0*���! G�4�()39�L�0�"10*� �(��)3�������çb>56�U <�()3�40*� )3�� 
.J�J�^"(����� 0*� �(�J",�/",�J <56��'6�4�(�J @0*'�",� �F0� �b(5%���!���^56�M)WLJ @06� �J�4�('*9/�('�"10*�M� �F0*�d0*����0�",R�� �(A#CE���
)+",� ���!����"^�,$#0*���WL�9>��"10*�W)3�����J",���! <)��  %$&L��J�Z0*� �(�J",� � 0@?B�! %0*�J"10:0*���2.J�J",�8'*�� <L�� 0G <���(L��!�R/�G0*���2 *",)3�G� �J����9/���J�����F0M�,$80*���d�('�����'%� �O5%���!���O0*���d�(9/��'�"10*� �(�J 656��'*�d",9�9�� � ����A
CE���! G",)3�(L��F0� %0*�O�J"�-�� ���I",�KL�9>��"10*�U)3�����J",���! <)x�4�(�J <�! @0*� ���^�,$#0@56�I)WL�0*LJ",� � ?B'*�4o�4L�'� <� -(�3",� �(�('*� 0*��)+ �bN5%���!���S�J",�J��� �^���! q�@L��J�Z0*� -(�^",�J�S�4�(�\�@L��J�Z0*� -(�^�4�(�J @0*'�",� �F0GL�9>��"10*�� 

'*�� <9/���Z0*� -(��� ?(A8CE���E",� �(�('*� 0*��)+ �0*'�"�-(��'� <�;",� �(���%0*���6",�J <56��'8�4h�0*���J <� �(�J D���4.J�����2� �
Links

A
a�� e>��'*���F0%"(�Z0*� �(�J 6",'*�M9/��'<$&�('*)3���I����9/���J��� ���U�(�^5%���40*����'60*���:� � 0*��'�",�>�4�(�J <L�)3���+� �^0*���",�J <56��'E�4h�0*���J <� �(�O5E"( 6�����F"10*� -(�G�('E���,0�A
CE���+L�9>��"10*�3)3�����J",���! <) �(LJ",'�",�F0*���� M0*�J"102",� �#�����4�� * *",'*?����F0*'*� �� :� �S0*���U0�",R�� �^",'*�"1e>���Z0*����R�?�",� �E9�'*��-�� �(LJ <� ?T9�'*���4�� * <����",�J <56��'� WR/�4$&�('*��",��?T�(� -(���c",9�9�� �!��"10*� �(���,$G",�



¦�G ¾ö°2²D¡�ÕDÇ�³7�/�Y�>�+¡��DÀ/�Y�D¡ �¦ä
�4h�0*���J <� �(�I�(9/��'�"10*� �(�NA#CE���! 6�! E'*���FL�� '*���3$&�('% <�(L��J������ * �b�"( 7�4h�9��!",� �����I� � f ���Z0*� �(�O��A ·JA ·JA
F �Y¥�t��D�D�,���&È/¡K�(�/�D¥����1¤��Y�>�^�8³7�D¤���¡
iý���! q�@L��J�Z0*� -(�B�4�(�J @0*'�",� �F0UL�9>��"10*�O�(��"K0�",R�� �I���F0*'*?

Ent
R�?T"S�4�(�J @0*'�",� �F0

C
)3��",�J 

���J",���(� ���O0*���^�4�(�J @0*'�",� �F0
CEnt

�4L�'*'*���F0*� ?H"( * <���4�!"10*���H5%� 0*�
Ent

� �F0*�
CEnt ⊕ C

AIÂS�",�! <�O��������0*�B'*���4L�'� <� -(��� ?O)3����� $&?�0*���+",�J <56��':�4h�0*���J <� �(�H�,$
Ent
b�� $6� 0d�4h��! @0� �AUCE���! :�! 

���(���G� �O0*���G$&�(� � �15%� ���3)+",������'�A
� Ô

Ent
�Y¥E¤���¤��D¥�_W¡F�M���8³=¢Y¡ �]$

Ent
�! 8",�2",�J <56��'>0*L�9�� �

〈H, X〉
b�� 08)3��",�J �56�#�J"�-(�

$&�(L��J��",��",�J <56��'M",� 0*��'*�J"10*� -(�:$&�('
H
A7�]$#56�2",� '*��"(��?^�J"�-(�2",�B���F0*'*?

〈Hλ, A〉 ∈ AnsA
b

56�d���J",���(�G� 0M� �F0*�
〈Hλ, A⊕ Cλ〉

AEªM0*����'*5%�! <�(b�56�G� �J <��'<0
〈H, C〉

� �F0*�
AnsA

A
Ã6?I���4.J��� 0*� �(�NbJ",�J <56��'60*L�9�� �� %�J"�-(�:���+",�J <56��'%�4h�0*���J <� �(�J �A
� Ô

Ent
�Y¥G¤O�(¤�¢Y¢D���8³=¢Y¡«_+�&��²ö¤B�D¡�À/¤����&È/¡3ÕD�1¥��GÏ7�N�8ÐS¢Y�&��¡F�1¤�¢

Ent
�  ;�4�(�J @0*'�",� �F0

CEnt

�! G���J",���(���K� �F0*�
CEnt ⊕ C

A3CE���! :)3��",�J :0*�J"102",�S",�J <56��'G�4h�0*���J <� �(�
Ext

$&'*�()
Ent

�������� %0*�^�J"�-(�G� 0� ��4�(�J @0*'�",� �F0����J",���(���I$&'*�()
CEnt ⊗ ¬C

′ 0*� (CEnt ⊕ C) ⊗ ¬C ′ b5%����'*�
¬C ′ �! 60*���2",�J <56��'ELJ <���I$&�(' Ent

�  E.J'� @0%R/����?I� � 0*��'�",�çA
f � �J�4�d0*���! ��! M0*���W *",)3�W"( 

(CEnt ⊗ ¬C ′) ⊕ (C ⊗ ¬C ′)
b/5%�J"10:56�W���^�! : <� )39�� ?I0*�

'*���4L�'� <� -(��� ?+)+",�(�G"+���! q�@L��J�Z0*� -(�d�4�(�J @0*'�",� �F0%L�9>��"10*�dR�?
C ⊗ ¬C ′ �(� Ext

A
� Ô

Ent
�Y¥S¤��(¤�¢Y¢2���8³=¢Y¡�_+�&��²�¤Q³7�/¥��&���&È/¡�ÕD�1¥��HÏ7�N�8Ðl¢Y�&��¡F�1¤�¢ Ã6?T"K <� )3� �!",''*��"( <�(��� ���^"( M$&�(':"^�����F"10*� -(�d.J'� @0�R/����?�� � 0*��'�",�çb/56�U",'*'*� -(�2"10�0*���U�4�(�J�4� LJ <� �(�B0*�J"10:56�

 <���(L��!�K)+",�(�3"I���! q�@L��J�Z0*� -(�+�4�(�J @0*'�",� �F0:L�9>��"10*�3R�?
C ⊗ C ′ �(�K0*���+",�J <56��':�4h�0*���J <� �(�

Ext
P&� $=� 0M�4h��! @0� �V6� �J @0*��"(��A

ËW�/��t��D�D�,���&È/¡K�(�/�D¥����1¤��Y�>�^�8³7�D¤���¡
i �4�(�\�@L��J�Z0*� -(�^�4�(�J @0*'�",� �F02L�9>��"10*�I�(�T"B0�",R�� �^���F0*'*?

Ent
R�?ö"��4�(�J @0*'�",� �F0

C
)3��",�J 

���J",���(� ���O0*���^�4�(�J @0*'�",� �F0
CEnt

�4L�'*'*���F0*� ?H"( * <���4�!"10*���H5%� 0*�
Ent

� �F0*�
CEnt ⊗ C

AIÂS�",�! <�3�������I0*�+)3����� $&?O",� �����F0*'*� �� 60*�J"10�",'*�d",�J <56��'%�4h�0*���J <� �(�J E�,$
Ent
A7CE���! E�! M���(���d� �

0*���G$&�(� � �15%� ���3)+",������'�A
� Ô

Ent
�Y¥E¤���¤��D¥�_W¡F�M���8³=¢Y¡ �]$

Ent
�! 8",�2",�J <56��'>0*L�9�� �

〈H, X〉
b�� 08)3��",�J �56�#�J"�-(�$&�(L��J��",��",�J <56��'%R/�(L��J�I$&�('

H
A7�]$#56�2",� '*��"(��?+�J"�-(�2",�B���F0*'*?

〈Hλ, Ab〉 ∈ AnsB
b�56�

���J",���(�E� 07� �F0*�
〈Hλ, Ab⊗Cλ〉

A7ªM0*����'*5%�! <�(b,� $�56�%�J"�-(�%",�3���F0*'*?
〈Hθ, Aa〉 ∈ ObAnsA

b
56�G� �J <��'<0

〈H, C〉
� �F0*�

AnsB
A

�]$�56�%����� 0*����'7�J"�-(�
〈Hλ, Ab〉 ∈ AnsB

���('
〈Hθ, Aa〉 ∈ ObAnsA

bF� 07)3��",�J =0*�J"107���",�J <56��'D",� 0*��'*�J"10*� -(�;�J"( 8R/�����WLJ <���G$&�('=",��?G-1",'*�!",�F08�,$
H
?(�40�A8�p�20*���! =��"( <�(b�56�7)+"�?X�@LJ @0

���J",���(�
ObAnsB

��� '*���Z0*� ?(b� <� �J�4�:���W�7ÃEi�i	�J"�-(���J"(�+LJ <��$&�('70*���:R/�(L��J�� 6� �
ObAnsB",��?�5E"�?(A8CE���! = <� � �(�F0*� ?d"(��o]�����6 <�(� L�0*� �(�2�! D�����4�� * *",'*?�0*��$&L�� .J� ��0*���E'*���FL�� '*��)3���F080*�J"10#",�

",� 0*��'*�J"10*� -(�d�J"( %R/�����K",� '*��"(��?I",9�9�� � ���B5%�����K",9�9�� ?�� ���+�7ÃEi�Ã�PY <��� f ���Z0*� �(����A ·JA �FVZA6�]$
〈Hω, A′〉 ∈ ObAnsB

b�56�G���J",���(�M� 0E� �F0*�
〈Hω, A′⊗Cω〉

b��,0*����'*5%�! <�M56�:� �J <��'<0
〈H, C〉� �F0*�

ObAnsB
A

Ã6?I���4.J��� 0*� �(�NbJ",�J <56��'60*L�9�� �� %�J"�-(�:���+",�J <56��'%�4h�0*���J <� �(�J �A



��ç °2²D¡K�(�/£T³=�8��¤����Y�/�c£X�N�D¡�¢
� Ô

Ent
�Y¥n¤��(¤�¢Y¢^���8³=¢Y¡

Ent
�  O�4�(�J @0*'�",� �F0

CEnt

�! O���J",���(���c� �F0*�
CEnt ⊗ C

A
CE���! M)3��",�J %0*�J"10:",�K",�J <56��'M�4h�0*���J <� �(�

Ext
$&'*�()

Ent
�������� %0*�^�J"�-(�d� 0� ��4�(�J @0*'�",� �F0� ���J",���(���W$&'*�()

CEnt ⊗C ′ 0*� (CEnt ⊗C)⊗C ′ b�5%����'*� C ′ �! ;0*����",�J <56��';LJ <���U$&�(' Ent
�  

.J'� @0%R/����?I� � 0*��'�",�çAf � �J�4�:0*���! E�! 60*���d *",)3�G"( 
(CEnt ⊗C ′)⊗C

b�5%�J"10%56�G���U�! % <� )39�� ?+0*�3'*���4L�'� <� -(��� ?
)+",�(�G"+�4�(�\�@L��J�Z0*� -(�d�4�(�J @0*'�",� �F0EL�9>��"10*�dR�?

C
�(�

Ext
A

ÿ�®ml�®yÿ u*v�º¦µ1¹h·�¼S½X¹(½3¶
µ�³A»"ºA¼S½X¹h·
CE����'*�W",'*�G$&�(L�'�9/�F * <� R�� �2�4h�0*���J <� �(���(9/��'�"10*� �(�J M�(�B0*���20�",R�� �(AMCE���� <�W�4h�0*���J <� �(���(9/��'<o
"10*� �(�J E)+"�?^� �B0*L�'*�BLJ <�:0*���2L�9>��"10*�d)3�����J",���! <)ý���4.J�����B",R/�1-(�(A#ÂQ���!���B�(���d�,$D0*���� <��4h�0*���J <� �(���(9/��'�"10*� �(�J 20*�T",9�9�� ?T� �c"H�(� -(���n <� 0*LJ"10*� �(�n�! 3���40*��'*)3� ������R�?ö0*���K�����F <���
�4h�0*���J <� �(�B @0*'�"10*���(?(A=CE���2 @0*'�"10*���(� �� E",'*�d�4�1-(��'*���+� �����40�",� �N� �K[7�J",9�0*��'%·JA
Å�Ç���¡��D¥��Y�/��Ï�Ðc�(¤�¢Y¢
H@Å Î Ë«J
�p�O",9�9�� ?�� ���U�7ÃM[�b�56�:���(9/��0*�W.J�J�O <�()3�G",�J <56��'� ;$&�('60*���:���4h�0%R/����?^� � 0*��'�",�/� �B"U��",� �� �ö0*���+0�",R�� �(AOÂS�I���B0*���! 2R�?SL���� $&?�� ����0*���^����"(�S�,$M",�ö� ��9�L�0U9�'*�(�('�",) �4�!",LJ <�+5%� 0*�
0*���d.J'� @0MR/����?O� � 0*��'�",�8� �B0*���W�����F <���B��",� �çAEi%$ë0*��'�0*���! M�4h�0*���J <� �(�Nb�56�2'*��)3�1-(�:0*���2LJ <���
� ��9�L�0%9�'*�(�('�",) �4�!",LJ <�:$&'*�()g0*���2 <�40%�,$D)+"10������ ���3�4�!",LJ <�� 

P
0*�+"�-(�(�!�30*'*?�� ���W0*�3LJ <�G� 0",�F",� �NA

�G�1¡��(�/�D�D�&���Y�/�D¥
• Call = 〈H1, (B11, B12, . . . , B1n), C, P 〉 ∈ Calls

• Pi = 〈(H2 ← B21, B22, . . . , B2m), C ′〉 ∈ P
A

• θ = dmgu(B11, H2)

���/¥����(�/�D�D�&���Y�/�D¥
• Pi /∈ P

• sol(C ′′) ⊆ sol(C ′)
",�J�

(sol(C ′) ∩ sol(C)) ⊆ sol(C ′′)
",�J�

sol(C ′′) 6= ∅
A

• 〈(H2 ← B21, B22, . . . , B2m)θ, C ′′〉
�! %9�L�0M� �F0*�U0*���G0�",R�� �(A

CE���%� ���F <�E���4.J��� 0*� �(�3� �U0*���M <���4�(�J�29/�F @0��4�(�J��� 0*� �(�3� ��"�-(�� 8'*���()l$&�(';�����(�!�4�70*��'*�(L��(�0*���d�7ÃM[Q� ����",� � 0@?^ @0*'�"10*���(?I���� *�4'*� R/���I� � f ���Z0*� �(�O·JA ·JA
�]$

P
0*L�'*�J G� �F0*�O0*���+��)39�0@?H <�40�bN0*�����

Call
�! G'*��)3�1-(����$&'*�()

Calls
",�J�H� �J <��'<0*���� �F0*�

ObCalls
A

Å�Ç���¡��D¥��Y�/��Ï�Ðc¤��D¥�_W¡F�I¤�¢&��¡F�1�D¤����&È/¡KH@Å Î ÑIÑ J
ÂQ�����l",9�9�� ?�� ���Q�7ÃEi�i2b�56�T9��!����",�l",�J <56��'K",� 0*��'*�J"10*� -(�

〈H, A〉
$&'*�()

AnsA
A �]$

〈Hω, Aprev〉 ∈ ObAnsA
",�J�

sol(A) ⊆ sol(Aprevω−1)
0*�����W56�E <� )39�� ?d'*��)3�1-(�

〈H, A〉$&'*�()
AnsA

",�J�H",R/�('<0�0*���U�7ÃEi�i��(9/��'�"10*� �(�NAdCE���! :�! �R/����",LJ <�W0*���U����5Á",� 0*��'*�J"10*� -(�



¦�G ¾ö°2²D¡�ÕDÇ�³7�/�Y�>�+¡��DÀ/�Y�D¡ ���
�! 6",� '*��"(��?3�4�1-(��'*���3R�?U0*���:���! q�@L��J�Z0*� �(�I�,$89�'*��-�� �(LJ 7",� 0*��'*�J"10*� -(�� 7",�J�+56�(L��!�+���,0E"1e>���Z0
0*���2 <�40M�,$=",�J <56��'� 65%������",9�9�� � ����A
�]$�56�%�J"�-(�E���,07",R/�('<0*���3",� '*��"(��?(b,56�E0�",�(�M��� e>��'*���F06"(�Z0*� �(�J #����9/���J��� ���2�(�35%���40*����'

0*���! 2�! G0*���3.J'� @0d0*� )3�I",�ö",�J <56��'^PY",� 0*��'*�J"10*� -(�3�('dR/�(L��J�JV:$&�('
H
�! 2",9�9�� � ����AICE���! d�! R/����",LJ <�U56�U)3� �(�F0d�J"�-(�20*�OL�9>��"10*�+��",� �#",�J�H",�J <56��'�0*L�9�� �� :0*�J"10d�J"�-(�WR/�����ö�4'*��"10*���

$&'*�() 0*���29�'*��-�� �(LJ M",�J <56��'%�4h�0*���J <� �(�J �A6ÂS�U",�! <�^",� 5E"�?� 6�J"�-(�G0*�I"(������'*�G0*�I",��?ILJ <���",�J <56��'ER/�(L��J�� E$&�('E0*���2",�J <56��'%",� 0*��'*�J"10*� -(�:56�d",'*�d",9�9�� ?�� ���JA

�G�1¡��(�/�D�D�&���Y�/�D¥

• Ans = 〈H, A〉 ∈ AnsA

•
�]$
〈Hλ, Aold 〉 ∈ ObAnsB

b�0*�����
Ab = Aoldλ−1 A6ªM0*����'*5%�! <� Ab = true

A

• S
�! =0*���� <�40;�,$�",� ����",� ��0*L�9�� �� 

Call i = 〈Hi, Bi, Ci, Pi〉
� �

Calls ∪ObCalls
5%���F <�

.J'� @0%R/����?I� � 0*��'�",�
Bi1
L���� .J�� %5%� 0*�

H
A

• θi = dmgu(Bi1, H)

���/¥����(�/�D�D�&���Y�/�D¥�H
∀ Call i ∈ S

J2� Ô �D�T¡�¤��1¢Y�Y¡F�^¤��D¥�_W¡F� Ô �J�
H
¡FÇN�Y¥���¡��

• Ext i

�! %���FLJ",�>0*�
Call i

5%� 0*�
Bi1
'*��)3�1-(���I",�J�^0*���2�4�(�J @0*'�",� �F0M���J",���(���+0*�

C ′ A

•
�]$

Bi1
�! E�����F"10*� -(�(b

C ′ = Ci ⊗¬(A⊗Ab)θi

A7ªM0*����'*5%�! <�
C ′ = Ci ⊗ (A⊗Ab)θi

A

• Ext i

�! %9�L�0M� �F0*�U0*���G0�",R�� �(A

•
�]$:"K����5����F0*'*?T�! U"(��������b

Ext ′i = Ext i

",�J�
λi = ∅

A�ªM0*����'*5%�! <�
Ext ′i

�! W0*���",� '*��"(��?+�4h��! @0*� ���3���F0*'*?+0*�J"10M5E"( 6)3����� .J���B",�J�
λi = dmgu(Ext ′i,Ext i)

A

•
ir� � ���

〈Call i,Ext ′i, λi〉
�! %",�! <�+"(�������^0*�

Links
A

• 〈H, A〉
�! %'*��)3�1-(���+$&'*�()

AnsA
",�J�O� �J <��'<0*���I� �F0*�

ObAnsA
A

���/¥����(�/�D�D�&���Y�/�D¥�H
∀ Call i ∈ S

J2� Ô ¤��Q¡�¤��1¢Y�Y¡F�I¤��D¥�_W¡F� Ô �J�
H
¡FÇN�Y¥���¡��

•
�]$D0*���d.J'� @0%R/����?O� � 0*��'�",���,$

Call i
�! %�����F"10*� -(�(b�"+�4�(�\�@L��J�Z0*� -(�2�4�(�J @0*'�",� �F0%L�9>��"10*�

R�?
(¬(A ⊗ Ab)θi)λi

�! W9/��'<$&�('*)3���ö�(�
Ext i

b#5%����'*�
〈Call i,Ext i, λi〉 ∈ Links

AªM0*����'*5%�! <�(b�"%���! q�@L��J�Z0*� -(�7�4�(�J @0*'�",� �F0�L�9>��"10*�;R�?
(Ci⊗(A⊗Ab)θi)λi

�! N9/��'<$&�('*)3���
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• 〈H, A〉
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〈Hω, Aprev ⊕Aω〉
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• Call = 〈H, (B1, B2, . . . , Bn), C, ∅〉 ∈ Calls
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�(R�-�� �(LJ <� ?S *"10*�! @.J�� d0*���I9�'*�(9/��'<0*� �� �AHCE��LJ 2� 03 <L�k^�4�� 20*�H <���15�0*�J"10U��-(��'*?S�4h�0*���J <� �(�
�(9/��'�"10*� �(�U0*'�",�J @$&�('*)+ =0*���M0�",R�� ��� �F0*�W"d����5n0�",R�� ��5%����'*�%0*���M9�'*�(9/��'<0*� �� 7 @0*� � �/���(�!��A f �56�G�4h�",)3� ���:0*���d�4h�0*���J <� �(�O�(9/��'�"10*� �(�J �A

°2²D¡K�8³7�D¤���¡K£X¡���²D¤��D�Y¥�£
CE���! E�! 60*���������!��",� � ?+���,0M",�I�4h�0*���J <� �(�I�(9/��'�"10*� �(�Nb�R�L�0�"(�Z0� E"( E"U)+"\�@�('69J",'<0E�,$D�7ÃEi�i
",�J�O�7ÃEi�Ã:A
CE���K <�(L��J������ * 3�,$:0*����L�9>��"10*�K)3�����J",���! <)­"( U$Y",'I"( +�4�(�J <�! @0*���J�4?X�! ^�4�(�J�4��'*�����

 <���(L��!�IR/�2",9�9J",'*���F0E$&'*�()�� 0� M���4.J��� 0*� �(�B� � f ���Z0*� �(����A ·JA ��A
CE���W9�'*�(9/��'<0@?B�,$;���O @0*'�"�?B��",� �! ��! :",9�9J",'*���F0*� ?B9�'*�� <��'*-(����b/ <� �J�4�W���O����5���",� �! :",'*�"(��������A

Å Î Ë
ÂQ�����X9/��'<$&�('*)3� ���K�7ÃM[�bD56�I)+"�?S��� 0*����'3"(���T"K��",� �70*L�9�� �I�('U",��",�J <56��'d0*L�9�� �(AH�p�
R/�,0*�H�,$;0*���� <�3��"( <�� �b/0*���3�4�(�J <�! @0*���J�4?B9�'*�(9/��'<0@?O���(�!�� �A2CE���! ��! :R/����",LJ <�W0*���3",�J <56��'�  @0*�('*���I� �

ObAnsA
",�J�

ObAnsB
",'*�G���,0%)3����� .J���O� ��",��?^5E"�?(A

i� #$&�('7���U @0*'�"�?U��",� �! Ã÷Q� $����W",�J <56��'#$&�(';0*���M.J'� @07R/����?3� � 0*��'�",�J�,$�0*������",� �/�J"( ;R/�����
LJ <����b�56�d�4� ��",'*� ?I",'*�:���,0M"(����� ���+"3 @0*'�"�?^��",� �çA=�]$#",�B",�J <56��'6$&�('60*���G.J'� @0%R/����?I� � 0*��'�",�
5E"( 6LJ <���IR/�4$&�('*�(b�0*���G9�'*�(9/��'<0@?^ @0*� � �N���(�!�� �A#CE���G�!"10<0*��'E$&�(� � �15M 7$&'*�()g0*���2���4.J��� 0*� �(�O�,$"(����� ���+"3��",� ��0*�U0*���G0�",R�� �+PY <��� f ���Z0*� �(�B��A ·JA � VZA



��¾ °2²D¡K�(�/£T³=�8��¤����Y�/�c£X�N�D¡�¢
Å Î ÑIÑ
�]$�� 06�! #0*���M.J'� @06",�J <56��';",� 0*��'*�J"10*� -(�E$&�(L��J�3$&�(';0*���M� � 0*��'�",�J� � �FL��� @0*� �(�Nb(0*�����4�(�J <�! @0*���J�4?9�'*�(9/��'<0@?O�! M�J"10*L�'�",� � ?� *"10*�! @.J����A�iÁ����5���",� �8)3� �(�F0:R/�3"(�������O$&'*�()ý0*���! M.J'� @0G",�J <56��'
�4h�0*���J <� �(�S0*���(L��(�NbDR�L�020*���O @0*'�"�?H��",� �;9�'*�(9/��'<0@?H�! 2�4�1-(��'*���H� �ö0*���I *",)3�^5E"�?H"( G$&�('�7ÃM[�A
CE���O0*'*�!����� ��'39J",'<0+�4�()3�� U5%������0*����'*�B�J"�-(�IR/�����n��",'*� � ��'+",�J <56��'U�4h�0*���J <� �(�J W$&�('0*���! 2� � 0*��'�",�çAM$M��'*�+56�^)WLJ @03�4�(�J <�!����'d0@56�K��"( <�� �b=����9/���J��� ���H�(�ö5%���40*����'W0*���^� � 0*��'�",�

� �]�FL��� @0*� �(���! U9/�F <� 0*� -(�O�('3�����F"10*� -(�(AXCE�����4�()3)3�(�J",� � 0@?ö� ��0*���� <�B��"( <�� U�! W0*�J"10+56�
�(9/��'�"10*�2�(�K",� �=��",� �80*L�9�� �� 

Call = 〈H, (B1, . . . , Bn), C, P 〉
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Are we finished?

Pick entry type (S)
Report result

Quit

Pick a call C1 (S)

Does C1’s first body literal
and C2’s head unify?

Add derived entry

Pick alternative (S)
Abide by old bounds

First application
of that alternative?

Run update mechanism

Pick bound (S)

Associated
alternative used

before?

Find all fitting calls
Resolve with first body literal

Add derivates

Save bound

Begin

No

Yes

No
Yes

No

Yes

Yes

No

Answer bound Call

Can a clause C2
be chosen?

Answer
alternative

Yes

Has C1 been
used for EBC?

Perform EBCWA

Yes

No

No
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